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ABSTRACT 


For  a  transverse  homoclinic  orbit  '  ■/  of  a  mapping  (not  necessarily 

i 

invertible)  on  a  Banach  space,  it  is  shown  that  the  mapping  restricted  to 

O  f)  n'  n« 

orbits  near  ^  is  equivalent  to  the  shift  automorphism  on  doubly  infinite 
sequences  on  finitely  many  symbols.  Implications  of  this  result  for  the 
Poincarfi  map  of  semi  flows  are  given. 


y-.-v 


§1.  Introduction. 


If  0  is  an  hyperbolic  fixed  point  of  a  diffeomorphism  F  £  C^(Rn) , 
s  u 

k  >  1,  n  >_  2,  and  W  ,  W  are  the  stable  and  unstable  manifolds  of  0,  then 
q  €  Ws  fl  Wu,  q  f  0,  is  said  to  be  transverse  homoclinic  to  0  if  Wu  is 
transversal  to  IVs  at  q,  Wu  $  lVb.  The  orbit  y(q)  =  {Fnci,  n  £  N ;  set 
of  integers}  through  q  is  called  a  transverse  homoclinic  orbit  asymptotic 

to  0. 

Poincare  was  well  aware  of  the  fact  that  the  existence  of  transverse 
homoclinic  orbits  implied  that  the  flow  defined  by  F  would  be  very  compli¬ 
cated  in  a  neighborhood  of  q.  Birkhoff  proved  that  there  must  be  infinitely 
many  periodic  points  near  q.  Smale  [15,  16]  showed  that  there  was  an  inte¬ 
ger  k  and  an  invariant  set  I  near  q  of  F^  such  that  F^  restricted 
to  q  was  equivalent  to  the  shift  map  o  on  the  set  of  doubly  infinite 
sequences  on  two  symbols  (see,  also,  Moser  [11],  Palmer  [13]).  Silnikov 
[14]  discussed  the  set  of  all  orbits  of  F  that  remain  in  a  small  neighbor¬ 
hood  of  •  He  then  showed  that  F  on  certain  subsets  of  these  solutions 

was  equivalent  to  the  shift  map  a  on  the  set  of  doubly  infinite  sequences 
on  infinitely  many  symbols. 

Our  objective  in  this  paper  is  to  generalize  these  results  to  the  case 
v 

of  F  €  C  (X),  where  X  is  a  Banach  space  and  F  is  not  necessarily  a  dif- 

feomorphism.  For  a  hyperbolic  fixed  point  0  of  F,  the  local  stable  set 

s  xx  k 

W^oc  and  local  unstable  set  Wjoc  of  0  are  C  manifolds  (a  proof  is 

given  below  for  completeness) .  However,  the  behavior  of  the  global  stable 
s  u 

set  W  and  unstable  set  W  may  not  have  a  nice  manifold  structure.  Even 
in  the  case  where  Wu  is  finite  dimensional,  the  local  dimension  may  vary 
with  the  point  on  Wu.  This  necessitates  hypotheses  on  Wu  even  to  define 


a  transverse  homoclinic  orbit.  Under  an  appropriate  hypothesis  on  Wu 
(there  is  an  immersion  from  \  N  into  Wu  which  covers  y  (q)),  a 

transverse  homoclinic  orbit  is  defined  and  it  is  shown  that  the  results 
of  Sil'nikov  [14]  and  Smale  [15,  16]  are  valid.  The  main  theorem  is  stated 
and  proved  in  Section  5.  The  proof  is  a  revised  version  of  the  horseshoe 
argument  (see  [2],  [12]].  Holmes  and  Marsden  [6]  have  also  used  the  proper¬ 
ties  of  horseshoes  in  the  equations  of  a  forced  beam.  Chaotic  motion  is 
discussed  in  Section  7.  The  implications  for  the  Poincare  map  for  flows 
are  given  in  Section  8.  Applications  to  retarded  functional  differential 
equations  will  appear  elsewhere. 

§2.  Notations  and  preliminaries. 

Let  X,  Y  and  Z  denote  Banach  spaces.  If  U  is  an  open  set  in  X, 

k  — 

then  C  (U,Y)  is  the  usual  space  of  functions  mapping  U  into  Y  which 

are  continuous  and  bounded  together  with  derivatives  up  through  order  k. 

The  norm  in  this  space  is  the  supremum  of  all  these  derivatives.  We  also 
let  C^(X)  =  C^(X,X)  .  The  symbol  (N  )  (NT+)N  will  denote  the  (non¬ 
positive  integers)  (nonnegative  integers)  integers.  By  a  submanifold  of 
a  Banach  space  Z,  we  mean  a  regular  submanifold  (locally  expressed  as  the 
graph  of  a  C1  map  from  X  into  Y  where  Z  =  X  ©  Y  is  a  splitting  of 
Banach  spaces) . 

If  S  is  a  topological  space,  we  let  n be  the  infinite  product 
space  with  the  product  topology.  An  element  t  £  TT^S  is  a  map  x:  N  -+  S. 
Define  a  :  n^S  ->  TT^S  as  the  shift  map,  x^  =  ox,  Xj(n)  =  x(n+l),  n  £  N.  If 
F  £  C^(S,S),  a  trajectory  of  F  is  a  map  x  £  FI^S  such  that  FIF(r)  =  o(x)  , 
where  TTF :  TT^S  -*•  TT^S  is  defined  as  x^  =  FFF(t)  ,  tj(n)  =  F(r(n)),  n  £  N. 
Obviously  TTF  is  continuous  and  the  set  of  all  the  trajectories  of  F  form 


a  closed  subset  Jt^S,  which  is  a  topological  subsapce  with  the  topology 
induced  from  n^.S.  In  a  similar  way,  one  defines  respectively  a  positive 
(negative)  trajectory  by  a  map  x+(r_).  A  (positive  orbit)  (negative  orbit) 
(orbit)  will  be  the  range  of  (x  +  )  (x~ )  (x )  and  will  be  denoted  by  (0  +) (0  _) 
(Op  .  For  x  £  nNS,  let  sn  =  x  (n)  ,  and  write  x  =  ( .  .  .  ,  s_  , ,  s  _1]  [s() ,  s  j  , .  .  . ) 
to  indicate  that  x(0)  =  sQ.  Thus  x  ^  =  ox  is  denoted  by  :  1  =  (...,  s  , 
s  j,  Sq]^,  s2-..).  And,  in  this  notation,  FTF(x)  =  (...,  Fs  7,  Fs  .][Fs0, 

Fs, ,...)•  We  shall  use  x[i,j],  i  <  j  integers,  to  denote  the  restriction 
of  x  to  an  interval  [i,j]. 

Let  -  be  an  equivalence  relation  defined  in  the  topological  space  S. 

For  any  s  6  S,  [s]  =  (s^  Sj  -  s)  is  said  to  be  the  equivalence  class  of 
s.  The  quotient  space  S/~  =  { [s] :  s  £  S)  is  defined  with  the  quotient 
topology.  For  a  subset  Qc  S,  define  [Q]  =  {  [s  ]  :  s  £  Q)  as  the  equivalence 


class  of  Q. 


Suppose  0  is  a  fixed  point  of  F  £  C;  (X),  k  ^  1.  The  fixed  point  0 


is  hyperbolic  if  cr(DF(0))  fl  {  |  A  |  =  1}  =  (J,  where  a  (A)  denotes  the  spectrum 


of  a  linear  operator  A.  The  unstable  set  Wu(0)  and  the  stable  set  Ws(0) 


of  a  fixed  point  0  of  F  are  defined  by 


W  (0)  =  U  (negative  orbits  0  of  F  :  x”(n)  -+  0  as  n  -+ 


W  (0)  =  U  (positive  orbits  C>t+  of  F  :  x+(n)  -*-0  as  n  -*  +°°), 


The  local  unstable  and  stable  sets  arc  defined  respectively  by 


WU(0,U)  =  U  (negative  orbits  0^_  of  F  :  0__  c  W 11  ( 0 )  fl  U), 


WS(0,U)  =  U  (positive  orbits  0  of  F  :  0  +<=  Ws(0) 

T  c 


n  u). 


ire 


-4- 


where  U  is  an  open  set  containing  0.  We  use  the  notation  W1;1  (0),  Wi"  (0), 

1  loc  loc 

for  Wu(0,U) ,  WS(0,U)  if  U  is  not  relevant  to  the  problem 

If  F  is  a  diffeomorphism,  one  can  always  consider  complete  orbits  in  the 

s  u  s  k 

definition  of  W  (0).  Furthermore,  W  (0),  IV  (0)  are  C  immersed  submani¬ 
folds  of  X  [5].  In  particualr,  if  the  dimension  is  finite,  then  the  dimension 
must  be  the  same  at  every  point.  The  following  examples  illustrate  the  dif¬ 
ferences  that  can  occur  with  maps. 

Example  2.1.  F  £  C^(R“),  k  >  1,  F(x,y)  =  (0,2y).  For  this  case,  the  only 
fixed  pont  is  the  origin  0  and  Ws(0)  =  {y  =  0),  Wu(0)  =  {x  =  0}.  The  map 
F~ 1  is  only  defined  on  Wu(0)  and  is  single  valued  only  if  the  range  is 
restricted  to  Wu(0) . 

Example  2.2.  We  construct  a  delay  differential  equation  with  a  hyperbolic 
equilibrium  point  having  a  two-dimensional  local  unstable  manifold.  The 
unstable  manifold  collapses  into  a  smooth  one-dimensional  manifold  along 
one  of  the  trajectories,  a  phenomenon  that  could  not  happen  in  ordinary 
differential  equations.  The  time  one  map  for  this  example  will  have  the 
property  that  the  dimension  of  the  unstable  manifold  is  not  the  same  at 
every  point. 

Consider  the  delay  equation 

(2.1)  x(t)  =  a(x(t))x(t)  +  3(x(t) ) x(t-l) , 


The  origin  0  is  an  equilibrium  point  of  (2.1).  liquation  (2.1)  is  linear 
in  a  neighborhood  of  0  and  has  .  =  1  and  \  =  2  as  the  positive 
characteristic  values.  All  the  other  characteristic  values  have  negative 
real  parts.  Thus  (see  [5]),  there  is  a  neighborhood  U  of  0  such  that 
dim.  Wu(0,U)  =  2.  Let  x(t)  =  ee^  be  a  solution  issuing  from  Ku(0,U). 

For  some  large  t  >  0  we  have  inf  | X- (h ' |  >  2,  and  in  a  neighborhood  of 

X~,  (2.1)  becomes  x(t)  =  x(t)  .  Let  ■>  £  C f - 1 , 0 ]  be  in  a  small  neighborhood 
of  Xr  and  suppose  that  there  is  a  solution  passing  throe  o  in  the  nega¬ 


tive  direction.  It  is  easy  to  see  that  y(-j)  =  nc  wi 
Therefore,  the  unstable  set  in  this  neighborhood  of  X- 
fold  but  of  dimension  1. 


n  near  c , 


smooth  mani- 


Take  the  time  one  map  F  =  T(l)  of  the  solution  map  T(t)  of  (2.1). 

We  have  an  example  with  the  property  that  the  hyperbolic  fixed  point  0  of 
F  has  a  local  two  dimensional  unstable  manifold  which  collapses  into  a  one 
dimensional  manifold. 

Suppose  F  €  C^(X) ,  k  >  1  and  0  is  an  hyperbolic  fixed  point  of  F. 

11  s 

We  shall  prove  that  (0)  and  w^oc(®)  are  submanifolds  in  S3.  An  orbit 

0X  is  an  homoclinic  orbit  asymptotic  to  a  fixed  point  0  o£  F  if  0^ c 
c  Wu(0)  fl  Ws  (0)  and  0T  t  {0}.  An  homoclinic  orbit  0r  asymptotic  to  a 
fixed  point  0  of  F  is  said  to  be  a  transverse  homoclinic  orbit  if 

1)  0  is  an  hyperbolic  fixed  point; 

2)  for  any  sufficiently  large  pair  of  integers  i,j  >  0,  such  that 

t ( - i )  €  W^1  (0)  and  r(j)  €  ,;i+J  sentls  3  disc  111  "ioc^ 

containing  r(-i)  diffeoinorphically  onto  its  image  which  is  trans¬ 
verse  to  (0)  at  r  ( j )  . 


u  - 


.notice  that  KU (0)  ,  IV'S(0)  nay  not  have  a  manifold  structure  even  in  a 
small  neighborhood  of  0,.  However,  condition  2]  implies  that  we  can  attach 
to  each  t(k)  £  0,,  k  £  N,  small  pieces  of  submanifolds  lv'^_(  (k)J  c  IVU(0) 
and  W^Qc(t(k))  c  lv,s(0)  diffeomorph  ic  to  IV^^fO))  and  IV  ^  ^  [0  j  j  ,  re¬ 
spectively,  and  such  that 


(2.2) 


Wloc(T(k))  0  Wloc(r(k))  at  x(k)  €  °f 


Furthermore,  FW^qc(t  (k- 1) )  =>  K^Ct  (k) )  and  rejoc(t (k) )  c  v^oc  ( :  (k+ 1) )  . 

This  can  be  done  as  follows.  If  i,j  arc  given  as  in  condition  21,  then 

W?oc(xCk))  =  *?oc<0)’  k  l-1  and  Kloc^W)  =  u1oc(0)>  kLJ-  Cc(:(kl)* 
k  >_  j  is  defined  as  a  disc  in  F^V^^r  (-i.) )  ,  diffcomorphic  to  Wl^o^(0  ) 

by  2).  For  -i  <  k  <  j ,  F^^W^  (t (- i) )  still  contains  a  disc  covering 

t(k),  and  shall  be  defined  as  ( -  ( k) )  ,  since  (Fd+-')  *F-'  k  is  the  inverse 

k+i  5 

of  F  by  2).  Wjoc(t(k)),  j  >  k,  can  be  obtained  by  considering  the  trails- 
i  -  k  s 

versality  of  FJ  to  W^oc(-(j))  and  (.2.2)  follows  similarly.  Therefore, 

there  is  an  immersion  from  Wa  (d)  •  N  into  Wu(0)  and  an  inmiersion  from 

loc 

s  s 

W  (0)  x  N  into  IV  (0).  Eoth  cover  0.  but  are  not  necessarily  injective. 
Briefly,  we  say  that  Wu(0)  is  transverse  to  Ws(0)  along  0  if  no  am¬ 


biguity  can  arise. 


Example  2.5.  Let  us  consider  the  interval  map  F  :  [0,1]  [0,1],  F(x)  = 

=  yx(l-x)  0  <  p  <  4.  The  map  F  is  not  invertible  and  lias  a  fixed  point 
Xq  =  1  -  — ,  y  >  1 ,  which  is  hyperbolic  if  ;;  /  5.  When  y  =  4,  an  homoclinic 
orbit  is  plotted  in  Figure  2.1,  which  hits  after  a  finite  number  of 

iterates  of  F,  an  observation  previously  made  by  Block  [1],  It  is  easy  to 
check  that  the  homoclinic  orbit  is  transverse. 


In  this  section,  we  state  and  prove  the  existence  of  local  stable  and 
unstable  manifolds  WjocC0)  and  W^oc(0)  of  a  hyperbolic  fixed  point  of  a 
map.  The  existence  of  the  local  stable  manifold  follows  from  [7]  with  very 
little  change  needed.  For  a  dif feomorphism  F,  the  existence  of  the  local 
unstable  manifold  follows  from  the  existence  of  the  local  stable  manifold  of 
F  .  However,  if  F  is  noninvertible ,  a  direct  proof  for  the  existence  of  the 
lcoal  unstable  manifold  is  needed  (see  [5])  .  In  spite  of  the  fact  that  the 
result  may  be  known  to  some  people,  we  give  the  proof  for  completeness. 

Theorem  3.1. 

Let  X,  Y  and  Z  =  X  *  Y  be  Banach  spaces  and  A,  B  be  linear  continu¬ 
ous  maps  in  X  and  Y  respect i vo 1 v ,  with  a (A)  <  1  and  o(B)  >  1.  Suppose 
that  |  |  A  |  |  ,  |  [  B  ^|!  <  X  for  some  constant  0  <  ,\  <  1.  Suppose  II  i  s  an  open 


-S- 


,.k 


neighborhood  of  0  in  Z  and  f  :  U  -*  X,  f7  :  IJ  -  Y  arc  C‘v  (k 
maps  with  ^(0)  =  0,  Df^O^  =  0,  i  =  1,2.  Consider  F  :  U  -+  Z , 


1) 


(3.1) 

(3.2) 


F  :  { 


xi  Axo  +  fi  (-x0  >>V  - 

yl  _  By0  +  f2(-X0’-V0^’ 


Then  there  exist  open  balls  C.  ,  D.  centered  at  0  in  X  Y  respect ivc ly , 

X  X  ~  , 

and  a  unique  C  map  1^  :  C1  -*■  D1  with  h^O)  =  0,  01^(0)  =  0  such  that 


F  (graph  1^)  c  graph  h^ 


The  restriction  of  F  to  graph  h^  is  a  contraction.  Moreover,  if 
Fn(z)  £  c1y  for  n  >_  0,  z  £  graph  h. . 

There  also  exist  open  balls  C2>  D7  centered  at  0  Jan  X,  Y  repscctively , 

k 

and  a  unique  C  map  h7  :  D,  -*■  C2  with  h2(0)  =  0,  Dho(0)  =  0  such  that 

the  restriction  of  F'1  from  graph  h^  into  itself  is  a  well-defined  single 

k  - 1 

valued  C  contraction;  thus ,  a  diffeomorphism  onto  F  (graph  h7)  with  the 

inverse  F  as  an  expansion.  Moreover,  if  z  £  C2*  D?  and  the  negatively  in¬ 
finite  trajectory  F-n(z)  €  C2*  D?,  n  >_  0  exists ,  z  6  graph  h-,. 

For  the  proof  of  the  last  part  of  the  theorem,  we  consider  the  Banach 

space  f,  of  the  bounded,  negatively  infinite  sequences  in  Z;  that  is, 

l  =  {z  •,  i  >  0},  with  the  norm  |{z.}|  =  supjz  .  |  .  Suppose  g£  Cr(z) 

i  -  i  1  i>0  "i  2 

with  all  the  derivatives  being  bounded  in  any  bounded  set  of  Z.  The  map 
Hg  is  defined  as  FFg(z)  (-i)  =  g(z(-i)),  i  ^  0  for  {z  ^ }  £  £. 

Unfortunately,  since  continuity  does  not  imply  uniform  continuity  in  infinite 
dimensional  Banach  spaces,  fig  is  not  C1  even  for  r  =  0.  The  remedy  is 

to  consider  a  subspace  c  I,  (:  .}  £  ^  if  and  only  if  z  .  0  as  i  -*■  ■». 


The  following  lemma  is  very  elementary  and  can  be  easily  proved  by  induction, 


but  works  as  well  as  the  lemmas  in  [7],  [8]  for  composition  maps. 


Lemma  3.2. 

Let  g  :  Z  ->  Z,  g  £  Cr  and  g(0)  =  0.  Then  Fig  :  2,^  -*■  ;  is  Cr  and 
(Tig)  ^  =  ng^-*  ,  k  <_  r. 

Proof  of  Theorem  3.1. 

r 

For  any  e  >  0  and  any  Banach  space  E,  let  B  =  {xGE:[x|<e}. 

v  £ 

For  £  >  0  sufficiently  small  and  anv  y  £  B>  ,  Y  €  Bc^,  define 

£ 


(5.5)  G(y ,y) (— n)  =  y(-n)  -  ( 


l  Ai_n_1f1(vC-i3)  ,  B'ny  -  l 
i=n+l  i=l 


T-n-l  +  i,.  f  ,  ■ 

B  ±  _  CyC-i 


It  is  not  difficult  to  show  that  G(y,y)(-n)  -*•  0  as  n  -*  =°.  Thus,  G  :  :«  B 

£ 

•>  2.g.  Lemma  5.2  implies  that  G  €  Cr.  It  is  clear  that  G(0,0)  =  0.  Ap¬ 
plying  the  Implicit  Function  Theorem  to  the  equation 


(3.4) 


G(y,y)  =  0 


in  a  neighborhood  of  y  =  0,  y  =  0,  we  have  a  unique  C  map  $ 
<t(0)  =  0,  for  some  ti>e2  >  ®  which  solves  (5.4)  as  y  =  <J>(y) 
Let  P  :  -*■  Z  be  the  projection  taking  y  to  y(0)  ,  h^  :  B^. 

as  oo 

P*(y)  =  *(y)(0)  =  (  I  A1_1f 1(*(y)(-i)j  ,y) 

i  =  1 


in  B'f  >:  B  0  . 


->■  X  defined 


=  Gi  2  (>'),>') 


r 

is  C  with  h ^ (0)  =  0.  The  Implicit)'  Fucntion  Theorem  also  enables  us  to 
compute  D<£>(0)  by  computing  DG(0,0)  and  thus,  conclude  that  Dh-,(0)  -  0. 
It  is  easy  to  check,  from  (5.5),  that 


!>(>')  (-n)  =  F (-J  (y)  (-n  - 1) )  ,  n  >_  0 . 
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We  have  obtained  that  for  vfl  £  ^  ,  xQ  =  h^(y())  ,  z^  =  (xq»>'())»  there 
exists  z  .  €  F  1zri,  i  >  0  defined  as  :.  =  o(vn)(-i)  and  |  z  .  I  <  L  . 

Since  $  is  continuous,  there  exists  e  -  <  e,  such  that  v  £  B-'  implies 
j  z  i |  c  e i ,  especially  |y  |  <  e  .  We  shall  see  very  soon  (see  (i),(ii)  below) 


G(y_i,  { 1  10} )  =  o 


Thus,  y  j  £  B^  and  x  ^  =  h0(y  ^) .  From 


y0  =  By_1  +  f2(h2(y-i) .  y.j) > 

using  the  Implicit  Function  Theorem,  one  concludes  that,  if  is  sufficiently 

small,  |  y  |  £  x|y0|  «  0  <  X  <  1,  and,  thus,  y  £  .  This  completes  the  proof 

-l"  C3 

that  F  1  is  a  contraction  on  graph  h9,  |y|  <  e  . 

Let  C2,  D2  be  open  balls  in  X,  Y  such  that  >  D?c:  B“  ,  c  B' 

and  h2(D2)cC2.  Then  the  restriction  of  h2  on  D2  satisfies  all  the 

assertions  except  that  we  have  to  verify  that 


if  {z  i  >  0}  is  a  negatively  infinite  trajectory  in  B“  then 


(i)  {z_i.  i  >_  0}  e  £Q; 

(ii)  G(y0»  (z.i))  =  0. 

For  any  0  >  0,  there  exists  e7  >  0  such  that  |  |  Df  |  |  ,  |  |  Df_,  |  |  <_  0 

if  | z |  <  Let  { z  ^ ,  i  >  0}  be  a  negatively  infinite  trajectory  in 

2 

B  .  By  induction 
e2 

|x-i  *  ^-i-k  *  ''k'lfi(;oi-k)  + 


y_i  -  B  y0  -  -  ...  - 


m 


sV*  > 
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Let  1c  co  j 


•i  ~  l  A  tl^”-i-j-P  * 

j=0 


Then, 


(3.5) 


z_il  ^  ^X1  y0l  +q  l  *1’J+1lz_jl  +  o  I  x1!  z_i  |. 

j=i  j=0 


Suppose  j  =  lim  |z  .  I  >  0,  then  for  any  5  >  1,  there  exists  in  >  0  such 

1-VCO  *  “1*  U 

that  |  z  .  |  <^6  for  i  >  ig ,  and 


(3.6) 


:-il  1  xx|y0l  +  9  xl  .f  A  '’  +  1|z_jl  +  -S*5- 


2  a  26 

If  y2-  <  1,  we  can  choose  5  >  1  such  that  y—  .5  <  1.  Let  i  -v  <*>  in 
1“X  t-A 

(3.6)  ,  lim  jz  -  -5.6.  The  contradiction  shows  that  6=0.  Therefore 

i-*»  " 1  ~  •L-X 

(z  i  >  0}  c  Zq,  together  with  (33)  imply  (ii) . 

§4.  Some  basic  lemmas.  Consider  F  :  Z  -*  Z  defined  as  (3.1)  and  (5.2). 
Assume  all  the  hypotheses  of  Theorem  3.1.  By  a  C*  change  of  variable,  we 

s 

assume  that  the  local  stable  and  unstable  manifolds  are  flat,  i.e.,  W.  (0)  = 

loc 

=  (y  =  0}  and  W]*oc(0)  =  { x  =  0}.  Thus,  in  addition  to  the  hypertheses  in 
Theorem  3.1,  we  assume  that  f^(0,y)  =  0  and  f^fXjO)  =  0.  Consequently, 


(4.1) 


flv(o,y)  =  0 


(4.2) 


f2x(x,0)  =  0 


A  closed  e-ball  in  a  Banach  space  L  with  center  zero  is  denoted  by  B^.. 
For  any  9  >  0,  we  choose  e  >  0  so  small  such  that  |Df  |,  ] D f |  <_  n  in 


f  t-.1’  ■  ■  W\' 


B  .  We  assume  that  W  (0) ,  W.  (0)  is  contained  in  B“  and 
e  loc  loc  e 


(4.3) 


Definition  4.1. 


A  +  -3  <  1  . 


A  C  submanifold  (£>s  is  said  to  be  an  s-slice  of  size 
or  an  s-slice  modeled  on  B*  ,  intersecting  W^oc(0)  transversal lv  at 
(0,y*)  with  |y*|  5  and  having  the  inclination  K,  if 

4>s  =  ( (x,y)  :  y  =  g(x) ,  j  x|  <  |  y*|  =  |  g(0)  |  <_  5 ,  g  €  C1  and  |  |D'g|  |  < 

A  submanifold  is  said  to  be  a  u-slice  of  sice  (e.,6,K)  or 

_  u  - — Jr-5 — — — 

a  u-slice  modeled  on  intersecting  (0)  transversal ly  at  (x*,0) 

G  2  >  X  OC 

with  x*  <_  5  and  having  the  inclination  £  K,  if 

«PU  ■  ( (x,y)  :  x  =  h(y)  ,  |y|  £  |x*|  =  |h(0)  |  <  {,  h£  C1  and  |  j  Dh  |  |  <  K] 

In  all  of  the  above,  Cj,6,K  are  positive  constants. 

Lemma  4.2,  4.4,  4.5,  4.6  are  called  the  Inclination  Lemmas  and  for  dif- 
feomorphisms  in  Rn,  see  [2]  and  [12].  They  play  the  same  roles  as  Lemma 
3.3,  estimates  (3.5)  in  [14].  However,  those  estimates  are  not  valid  in  our 


Lemma  4.2.  Given  K  >  0 ,  there  exist  z ^ ,  5  >  0  and  c  >  1  such  that 

(i)  for  any  u-slice  g>u  of  sice  (eQ/c,5,K),  F  sends  ip 

diffeomorphi cal  1 v  onto  its  image  and  B^  n  F(  )  is  a  u-slice  of 

cQ  u 

§1 P  (sq)5,K)  , 

(ii)  fg£..^ny  s  -  s )  i  c  p  d>s  of  sice  (cq/c,6,K),  eq  <  B*  D  F-1(ips)  is 


an.  s-: 


(cq,6,K) . 


.  v-  .vs-:  -v.vlvl- 
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a 


Proof.  (i)  Let  F  :  (x0,yQ)  ->  (Xj.Vj),  (xQ,y0)  £  4>u-  Assume  that  is 


small  and  satisfies 


(4.4) 


!  <  d  - 

\ 


For  this  o,  choose  e  >  0  so  that  I  Df.  I  ,  I  Df _  I  <  e  in  B“ .  Let  ii  ,  e, 

1  2.'  —  e  1 

satisfy 


(4.5) 


Then  m  c  B  and 

e 


ex  <  |  .  6  +  Kej  <  |  . 


(4.6) 


(4.7) 


Write  (4.7)  as 


(4.8) 


Xj  =  A(g(y0))  +  fj(g(y0) ,  y0) 

yl  =  By0  +  V* 


B‘lyl  =  y0  +  y0} 


The  Lipschitz  constant  for  B  f2(g(yg) »  yg)  as  a  function  of  is  bounded 

by  ^0(K+1).  By  the  Implicit  Function  Theorem,  the  right  hand  side  of  (4.8) 
defines  a  diffeomorphism  from  y^  £  ^q/c  to  B  ^l’  wbicb  covers  a  ball  of 
radius  (1  -  X0(K+l))eg/c.  Therefore,  y^  covers  a  ball  of  radius 

1  -  X0(K+1)  d 

■  ■  —  —  -  •  p 

>.  c  c  0 

Let  C,  asserted  in  the  lemma,  be  c  =  d.  Substituting  as  a  function 

of  y..  into  (4.6),  we  have  a  u-slice  x.  =  g.(y.),  modeled  on  B'V  and 

111  cQ 

transverse  to  W;  (0)  at  F(g(0) ,  0)  =  (g.(0),  0).  Since  F I wf  (0)  is 
loc  1  loc 

a  contraction,  gj(0)  <_  g(0)  ^  <S.  It  remains  to  show  that  |  jDgJ  |  <_  K. 


u  -  '  O’mV  :n, 


Let  (r,n)  be  a  tangent  vector  to  at  (xM,yn),  n  /  0  and 

Let  (^’.n')  =  DF(x0,y0) (r,n)  , 


il’i.  =  |jA  ^XT.  +  fjVjry 


t\x  .?  +  (B  +  t\y)  n 


(4.9) 


k.  *  k :  :1  *  liliil-l/Jiil 

(X-1  - ^ i  ini  -  ek! 


(x  M)K  ♦  n  fiy 
-  d 


Suppose  Q  is  small  (e  is  small) ,  then 


(>.+•})  K  + 


<  K, 


and  (i)  is  proved  if  e^,6  are  small  so  that  (4.5)  is  valid. 


(ii)  Let 


(4.10) 


c  ,,  r  c 

ei  "  2  '  kci  +  6  "  2 


Let  (Xj,yp  €  ,  an  s-slice  of  size  (e^,6,K).  We  look  for  (Xq,\-q)  s 

that  F(xQ  ,yQ)  =  (x^y^ 

Byo  +  f2(xo*yo)  =  h(Axo  +  fiCxo*y0» 

or 

(4.11)  yQ  =  -B_1f2(x0,y0)  +  B'1h(Zx()  +  ^(Xq^'q)) 

We  use  the  contraction  mapping  principle  to  solve  (4.11).  Let  II  be 

X  V 

the  set  of  all  the  continuous  functions  form  B'  into  B-  .  with  the 

e0  c/2 

distance  of  any  tvo  functions  in  li  given  by  the  supremtim  norm.  Let  c  • 
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1 


8 


§ 


be  such  that 


(4.12) 


1  co  +  'co  i  e0/c- 


The  existence  of  such  c  is  from  (4.5).  A  continuous  function  Rp(.)  is 

X 

defined  on  B  for  any  cp  £  H  as 
e0 


(4.13) 


F<P(x)  =  -B‘1f2(x,4)(x))  +  B  *h(Ax  +  f1(x,ip(x)) 


l$ 


since  f^O.y)  =  0,  |Ax  +  f^x.^Cx))!  £  AeQ  +  0eo  £  eQ/c  by  (4.12)  and 

h  is  defined  on  B*  ,  .  Furthermore,  Rp  £  H  if 

K0/ c 


(4.14) 


A  9 •  j  +  A(K£l  +6)  <  j  . 


tf 


$ 
I  ^ 

X 


i 

S 

I 


S' 

v 

V 

3 


r 


The  verification  of  (4.14)  uses  f2(x,0)  =0,  (4.10)  and  (4.3).  We  observe 
that  F  :  H  -v  H  is  a  contraction  if  9  is  small.  Therefore,  there  is  a 

1  X 

unique  fixed  point  of  F,  denoted  by  h^.  We  can  show  that  hQ  £  C  (B^  ) 
by  using  the  Implicit  Function  Theorem  locally  to  solve  (4.11)  in  the 
neighborhood  of  (x0,hQ(Xg)).  We  also  see  that  hQ(0)  _<  h(0)  £  6  since 
F | Wu  is  an  expansion.  It  remains  to  check  that  ||Dhg|]  <_  K.  Suppose 
(£,n)  is  a  nonzero  tangent  vector  to  F  1(Ps  at  (x0,y0). 


Bn  +  f,  +  f7  *n  =  Dh(Ar  +  f  x-f,  +  f,y*n)» 


n |  (l  -  xo  -  aKq)  <  (a"k  +  aoK  +  a  1 1  f7x|  |)  |r.  ] . 


| £ |  =0  would  imply  that  |n|  =0,  thus 


/  0  and 


n|  ^  A^K  +  aKq  a  1  |  f->; 

Tf  1  1  -  \0(K+1) 


(4.15) 


+  TK  4-  I  lf2x| 
d 
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If  0  is  small  (e  small),  — —  — -  <_  K  and  (ii)  is  proved.  This 

completes  the  proof  of  Lemma  4.2. 

Cl)  P) 

Definition  4.3.  Let  ip  ,  ip  be  two  u-slices  of  sine  (e,,3,K)  and 
-  u  u  1  ’  J 

let  cp^^  >  be  two  s-slices  of  size  (e^,6,K).  Define  the  distances 

with  respect  to  the  uniform  norm  as 

vffh  =  sup  |  g,  (y)  -  g?  Cy)  |  , 

lylih 

dCcp^,^)  =  sup  I  h  x  ( x)  -  h  _  ( x)  |  , 

IxIlCj 

where  <p^  ,  tp^^  are  graphs  of  g^ ,  h^,  i  =  1,2. 

Lemma  4.4.  G  iven  K  >  0 ,  the  constants  c  ^  ,  6  can  be  chosen  so  that  the 
results  of  Lemma  1  are  true.  Moreover,  there  is  a  constant  0  <  A  <  1  such 


,,rn  (1)  rn  (2),  ~  n , ,  (1)  (2), 

d(F  ip'  ,  Ftp,  )  <  (A)  d(tp  ,  cp_  J)  , 
s  u  —  u  u 


. ,r-n  (1)  r-n  (2) ,  ',n,.  (1)  (2) 

d(F  tp^  »  F  <Dg  )  i  (A)  dCtPs  ,  <pj  j 


where  Fn,  F  n  are  abbreviations  for  (B^  D  F)n  and  (Bx  D  F  ^)n  which 

—  e  i  e  i 

are  defined  inductively  as  follows:  while  applying  on  a  set  Vc  2, 


(B/  n  F) 1  v  =  By  n  Ffv),  (B"'  n  f  ")xv  =  bj'  n  f  *(v), 
el  el  £1  G1 

(By  n  F)n+1  v  =  b7  n  F[(By  n  F)n  v],  (Bx  n  F_1)n+1  v  = 


x  n  p'Mu  =  rx  n  i.  r\n 


=  Bx  n  F_1[(BX  n  I “ 1)nV] ,  n  >  1. 


Proof.  Suppose  E^,  E.,  are  Banach  spaces  and  cp  G  C^(E^,F.,,).  he  define 
ev  :  C^(Ej,E2)  x  E^  E.,  as  cv(tp,e)  =  tp(e)  .  Let 


-17- 


gt  =  (t-l)g2  +  (2-t)gL, 

ht  =  Ct-l)h2  +  (2-t)hlf  1  <  t  <  2. 

We  first  consider 

xi  =  Ast(>'o)  +  fi(n(>V’  >'o}’ 

Yl  =  By0  +  f2(St(>'0),  >'0)  » 


(4.16)  x1  =  A  ev(g  ,yQ)  +  f1(ev(gt ,yQ) ,  yQ) , 

(4.17)  yl  =  By0  +  f2(cv(gt ,yQ) ,  yQ) . 

For  y^  fixed,  yQ  can  be  solved  as  a  function  of  t  in  (4.17),  and 

substituted  into  (4.16)  to  obtain  Xj  as  a  function  of  t.  We  shall 
3xj 

estimate  by  more  symmetric  formulas.  Assume  that  6>'q,  5x^  ,  .Sy^,  5t 

are  tangent  vectors  in  the  corresponding  spaces,  and  Dgt  is  the  derivative 
of  gt(*).  Then, 


=  Alevfg^gjI-iSt,  y0)  +  Dgt*6y0J 
+  fix’ fcv((s2-g1)5t,  yQ)  +  Dgt  *  6  y Q ]  +  f lv  *  4yc 


0  -  fiyj  =  B5yQ  +  f2x[cv((g:-g1)6t,  yQ)  +  Dgt*6y0]  +  f2v‘lS>'c 


loxj  1  (X+G)  [d(u)y1}  ,  t|  +  K|5yQ|]  +  Xc  •  , 

|6y0|  <  \0[d(^1},  ^2))|6t|  +  K |  5y0 1  ]  + 


■  h  v  ’/  v  «■.  .’j  <■'«  *  «  *V^«/  %*  •.*  . '»  »'*  A**'  A, 
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It  follows  that 


(1)  .J-)- 


,U)  ,nW- 


lirwKTTT^u  ■  <0  -  dd<  ■  <0 


1  (x+eJdC^11,  </2))  +  C(\+9)K  +e)  •  |4-P-j  , 


Using  the  estimate  for  !  3y  /It  |  ,  we  find  that,  when  .  is  small,  there 


exists  0  <  X  <  1  such  that 


lir  < ;  jo*'1’, 

1  Dt  '  —  u  u  J 

Therefore  lx1(y1»S2)  ‘  •Sj)  I  1  1^1  dt  <_  X  dCu/15  ,  ip£“5) 

first  inequality  in  the  lemma  is  proved. 

Next  consider 


JyQ  +  f2^x0’y(P  =  MAX0  +  fl^x0,y0^ 


By0  +  f2(x0’>’0)  =  ev(ht,Ax0  +  fi^xo>yO')) 


Let  Xq  be  fixed  and  yQ  be  a  function  of  t, 


+  f2y*6y0  =  evC Ch2-h1)  5t ,  A  xQ  +  ^(Xq^q))  +  Dht,fly’6yC 
!  6yQ |  C 1  -  Xi)  -  \JK)  \d((p^'),  )  •  |  5t  |  . 


Therefore 


l|r! 


and  |y  (xn,h7)  -  y  (x  ,h 


'I  f2 I 3yO 

l'l  1  J,!~ 
1 


if  '  =  — 

d’ 


-r.>- 


the  second  inequality  is  proved.  This  completes  the  proof  of  the 


1 emma . 


Lemma  4.5.  Assume  further  that  Df_  and  Dt\  are  uniformlv  continuous 
in  B“ .  Then ,  for  any  K  .  0,  e  ^ ,  ''  can  be  chosen  such  that  for  any  u-slkc 
(s-slice  q>s)  of  size  (e  ,5,K),  F11^  is  a  u- slice  (F  %  is  an  s -s  1  ice) 
of  size  (e.,6  ,K  )  with  &  <  Ani  and  K  ->-0  as  n  «>.  where  0  <  ’•  <  1 

and  Fn,  F  n  are  abbreviations  as  before. 

Proof.  Only  -*•  0  has  to  be  proved.  Since  fjv(0,v)  =  0,  by  the  uniform 
continuity  of  Df  ^  ,  for  any  r  >  0  there  is  a  r,  >  0  such  that  j  | f  (x,y) ; i 
<_  £  if  |  x |  <_  r  and  |yj  <_  e,.  From  Lemma  4.4,  there  is  an  n^  >  0  such 


that  F‘\p  c  B*  x  for  n  >  n .  Bv  (4.9),  we  obtain  that  K  .  < 

u  5  e.  —O'’  n+1  - 


0+_)Kn+  ■ 


n  ^  nQ.  Thus  , 


,,  ,A+\n.. 

K  <  ( — p- )  L  +  ^  . 

nQ+n  -  d  nQ  d-  (.*.*•;) 


lim  K  <  7  7-- — r  . 

„  n  -  d-(.\  +  ■) 

n-x» 


Since  5  is  arbitrary,  this  implies  -*■  0  as  n  -*  <». 

A  similar  proof  is  applied  to  F  ntps ,  if  we  consider  f_,^(x,0)  =  0, 
uniform  continuity  of  Df.,  in  a  neighborhood  of  0,  lemma  4.4  for  F  ’\p_, 
and  (4.15).  This  finishes  the  proof  of  the  lemma. 

The  proof  of  Lemma  4.6  below  is  similar  to  that  of  Lemmas  4.2,  4.4  and 
4.5  and  shall  be  omitted.  However,  due  to  the  lack  of  uniform  continuity 
of  the  derivatives,  the  results  concerning  closeness  must  be  formulated 


very  carefully.  Let  and  M,  be  C  submanifolds  in  2.  By  M-,  is 

C^-:,  near  M  ,  "  a  positive  number,  we  mean  that  there  are  Banach  spaces 


Lj,  L.,  such  that 


Fj  H,  and  a  constant  0  >  0  sue 


graph  of  h.  :  B  ' 1  -l.,,  i  -  1,2,  and  j^-h^j  , 


LB,'1  ,1;,) 


h  that  M.  is  the 
1 

■-  ’  .  Converse  1  v , 


-z 1- 


questions  arise.  Ivh at  is  the  range  of  J^?  Is  injective?  If  .1  is 

injective,  is  J ^  continuous?  The  affirmative  answer  to  these  questions 
would  ensure  that  TZ  is  homeomorphic  to  the  subspacc  of  sequences  of 

t 

symbols  (U.s)  and  17F,  acting  on  TZ ,  is  equivalent  to  the  shift  operator 

t 

defined  on  the  space  of  x  s  via  J,. 

1  u  1 

Definition  5.1.  For  S  =  {U.,...,U  }  and  k  >  0  an  integer,  a  subset 
-  0  m  43 

TU  cz  n^S  is  defined  as  xu  €  TU  if  and  only  if 


1) 

x  (i)  =  U. 

u  J 

implies 

that 

ruCi+1)  =  UJ+1 

for 

1  1  j  <  m. 

2) 

'u™  -  Um 

implies 

that 

Tu(i+j)  =  U0 

for 

U 

V  1 

•r-j 

v  1 

3) 

tuU)  - 

implies 

that 

Tu(L+j)  =  U0 

for 

1  <  j  <  k . 

TU  is  a  topological  space  with  the  topology  induced  from  Fl^.S. 

To  understand  the  meaning  of  this  definition,  suppose  D  IJ.  is  a 

0<_i^m  1 

neighborhood  of  a  homoclinic  trajectory  asymptotic  to  a  fixed  point  0  of 
F.  Suppose  0  £  U^.  Then  to  say  J^x„  £  TU  is  equivalent  to  saying  that, 

if  x(j)  £  UQ  for  some  j,  then  it  stays  in  Uq  for  at  least  k  iterates 

of  F  and  one  can  leave  U^  only  by  going  to  and  then  inarch  back  to 

Uq  staying  again  for  at  least  k  iterates  of  F.  The  same  remark  applies 

to  F  The  main  theorem  stated  below  is  saying  essentially  that  is 

a  homeomorphism  between  TZ  and  TU  if  ^  U  Ik  is  some  neighborhood  of  a 
transverse  homoclinic  orbit. 

We  are  ready  to  state  our  main  theorem. 


Theorem  5.Z.  Let  X,  V  and  Z  =  XV  be  Banach  spaces,  F  :  Z  -  Z  def i ned 
as  in  Theorem  5.1  with  DF  uniformly  continuous  in  a  neighborhood  of  the 
hyperbolic  fixed  point  of  F.  Assume  that  the  local  stable  and  unstable 


vV-Ve  .o'.  -Zf 


manifolds  are  W^o^(0)  =  (>'  =  0),  (0)  =  {x  =  0},  that  (4.1),  (4.2) 

are  satisfied  and  W^q^(0)  ^  {0}.  Suppose  is  a  homoclinie  trajectory 

and  rv(z)  -*■  0  as  i  ->  ±°°.  Let  N  >  0  be  an  integer  with  :j(-.N)  £  l\u(0) 

r  s  u  s 

and  t‘ (N)  £  W,  (0) ,  where  W.  (0)  and  W.  (0)  are  contained  in  B“  and 
z^  l°c  loc  loc 

(4.3)  is  valid  in  B“.  Assume  that  the  following  conditions  are  satisfied. 

1)  F-^  sends  a  disc  0^  cz  W^oc(0)  centered  at  x^(-N)  diffeomorphical ly 
onto  0?  =  F^O^,  containing  xF(.N). 

2)  02  $  »=oc(0)  =  rpN). 

Then  is  a  transverse  homoclinic  trajectory.  Furthermore,  there 

exist  pairwise  disjoint  open  subsets  Uq  , .  . .  , ,  m  >_  2,  in  Z,  and  an 

integer  k  >  0  such  that  0  £  LL,  0  r  cz  (I  u.  and  such  that  J,  is  an 

0  tF  0<_Lim  i  1 

homeomorphism  between  TZ  and  TU  defined  in  Definition  5.1.  TTF  acting 

on  TZ  is  equivalent  to  o  acting  on  TU  via  J  . 

The  open  set  U  U.  is  called  the  extended  neighborhood  of  0  r  with 
0<i<m  1  z 

Un  the  "body"  and  U  U.  the  "handle". 

0  lfilm  1 

Before  proving  Theorem  5.2,  we  give  a  symbolization  consisting  of 
infinitely  many  symbols  for  a  subset  of  TU. 

Definition  5.3. 

TZ0  =  {t,  :  rz  £  TZ,  t„(0)  £  UQ  and  t,(-1)  £  U]n}, 


‘u^  =  U0 


11 

Ill 


The  set  TZq  (TIJ())  is  both  open  and  closed  in  TZ  (TU)  .  We  observe  that 


U  jl(TZ0)  =  TZM  ( ...  ,0]  [0  ,...)} . 
i 

U  aX(TU  )  =  TINf(... ,UQ] [UQ ,...)} . 
i 


and  J1(TZ0)  c  TUq,  TZQ  z>  (TUq) .  Thcrctore,  ^  :  TIN'  ( .  .  .  ,0]  [0  ,  .  .  . ) ; 
TIK{  (.  . .  ,Uq]  [Uq,  . .  .)}  is  a  homeomorphism  i  f  and  only  if  J,  :  TZn  ->■  TU( 


0  0 


is  a  homeomorphism,  since  J if  and  only  if  J^(ox_)  =  or  and 
a  is  a  homeomorphism  on  both  TZ  and  TU. 

Let  [k,  +  co]  be  the  space  of  all  the  integers  >  k  >  0  furnished  with 
the  discrete  topology  and  compactificd  by  +  •».  Let  n^.[k,  +  «>]  be  the  product 
space.  For  any  =  ( ...  ,k_i , ... ,k_ 1 ]  [kQ  .... .k^  ,...)£  [k ,  +  ~]  ,  a  corre¬ 
sponding  element  x  €  TU-  is  defined  as: 

u  0 


1)  x  (£,}  =  U  if  and  only  if 
u  m  . 


(A)  «,  =  -)  k.-jm-l,  j  =  0,1,...,  provided  l  f 

.1  =  1  _1 

(B)  SL  -  7  k.  +  jm  +  m  -  1,  j  =  0,1,...,  provided  2.  /  +  =>. 

i=0  1 

2)  t  (&-i)  =  Um-i*  0  <  i  <  m,  for  all  defined  by  (A)  or  (B) 

3)  T  (i)  =  U  if  not  defined  by  1)  and  2) . 

u  U 

Accordingly,  J7  :  nM[k,+  cc]  -*  TU  is  defined,  continuous  and  onto. 

-  IN  U 


CD  _ 


Definition  5.4.  A  quotient  space  TN  =  n^Jk.  +  oo]/-  is  defined  if  x  k.  J  - 

'••••’k-i  ) •  >k^i}  HkJ  -  :12)  =  (...,k^),...,k^)][k^), 

(21 

...,k.  ,...)  means  that  there  exist  - »  <  n.  <  -1  and  0  <  n_  <  +»  such 
j  —  1  —  —  2  — 

that  =  k^  =+to,  j  =  1,2,  and  kP^  =  k^  for  n,  <  i  <  n_. 

n.  n  ....  tt  1  2 

1  2 

Thus,  the  map  J.,  :  TN  ->  TU^,  J?[x^]  =  J9t-  is  well  defined,  continuous 
injective  and  onto.  It  is  easy  to  check  that  a  basis  8  for  the  topology 
in  TN  is 


B  =  { [B]  :  B  =  { x jj-  :  r^I-i-l,  j  +  1]  6  (>  k ,  k_  .  , .  .  .  ,k_  y  ]  [kQ  , .  .  .  ,  k  k)  } } . 


where  k  ^,...,k  j,kg,...,kj  are  integers  and  k  ^k  is  an  integer,  >_  k 
stands  for  [k,+  oo]  c  [k,+  >] . 
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Theorem  5.5. 

TUg  and  TN  are  both  compact  and  llausdorff.  J1  is  a  homcomorphism 
from  TN  onto  TUg . 

The  proof  of  Theorem  5.5  is  elementary  and  is  omitted. 

Proof  of  Theorem  5.2.  We  first  show  that  when  0^  is  small,  F  sends  0? 
diffeomorphically  onto  a  disc  ft  W jqc (0)  at  x[(N+l).  Let  0o  =  {(x  ,Vq)  : 
x0  =  g(yg)}  with  the  inclination  Kg.  Consider 


By0  +  f2(sC>o) ’yo) 


Since  =  ^or  an^'  5  >  0,  we  may  let  02  be  sufficiently  small 

_  df  o 

so  that  |  |  f2x(x,y)  |  |  <_  G  in  0o.  Thus  ,  |  |^=-j  |  <_  KQe  +  0,  and  yQ  can  be 
solved  as  a  C1  function  of  y  if  x(Kg5  +  0)  <  1.  Substituting  into 
(4.6),  is  a  C1  function  of  y^.  Therefore,  by  induction,  F10o  con- 
tains  a  C  disc  ft  w^oc(°)  at  x;(N+i)  »  i  >.  0,  with  the  inclination  K^, 
and  is  diffeomorphic  to  a  disc  of  0?.  We  give  estimates  on  Kls.  Let 
(^i^f),  |n^|  /  0  be  a  tangent  vector  to  a  small  disc  contained  in  h102, 
on  which  we  assume  that  |  |f2x(x,y)  II  <_  Of  • 


r  i+ 1 

L  -  J 

(A  +  flx)fi  +  fli 

Ail 

ni+l 

f,  -.  +  (B  +  f_ 
2x’i  2y 

nil 

,  (■>  +  l)  l  'i  I  +  ohi 
■  e‘1-9)|ni|  -  eJSjl 

<  (l  +  'O Ki  +  1 
d . 


— - —  .  There  exists  a  constant  d  such  that 

X 

d.  >  d  >1  for  all  i  >  0  provided  that  the  disc  contained  in  F1!). 

l—oo  —  1  J 


where  d^  = 


is 


’vlVAJ 


'ivVlV-V". 


sufficiently  small,  and 
Therefore, 


[S'N 


$ 

i 


I 


is  sufficiently  small,  since  we  have  ,\  + 


K.  .  < 
1+1  - 


0  +  -' )  K  i  + 


and 


K .  <  Kn  +  — 
1  0  d 


(,\+c0 


-  K  ,  i  >  0 , 


This  completes  the  proof  of  the  transversal ity  of  the  homoclinic  trajectory 


-  s 

We  next  consider  F  W  (0)  in  a  neighborhood  of  TF(-N).  From 


Lemma  4.6,  it  contains  a  C1  disc  rfi  (0)  at  T F (-N)  and  is  denoted 

by  Rj .  Analogue  to  what  has  been  done  in  Lemma  1.2,  we  obtain  that  F_1R^ 

u 

contains  a  disc  |f|  wloc(0)  at  T^(-N-i),  i  >_  0 ,  with  the  inclination 
<  K  for  some  constant  K  >0.  The  key  to  the  proof  is  (4.1)  and 

loo  2 

|fjy(x,y)|  being  arbitrarily  small  in  some  sufficiently  small  neighborhood 


of  each  Tr(-N-i) 


We  now  construct  Un,...,U  and  k  as  asserted  in  the  theorem. 

0  m 


Suppose  that  e  are  positive  constants  such  that  for  u-sliecs  of 

size  (e2>ej»^00)  and  s-slices  of  size  (e^ ,  Lemma  4. 2-4. 6  are 


valid.  Assume  that  only  a  finite  number  of  points  of  0  denoted  bv 

Tz 

"  x  y 

1*  m  >  2,  are  outside  U  =  B'  *  B  .  There  exist  an  open  neighbor 

—  cl 


hood  V.  for  each  q.  such  that 
i  Mi 


n  V.  =  j)  ,  1  <_i  i  j  <_  m- 1 , 


Vj  n  n  =  d  ,  i  <  i  <  »-i, 


FV.  c  V.  ,  ,  1  <  i  <  m  -  2 

1  l+l  ’  -  - 

FV  .  c  U  ,  FU  (1  V.  =  j  ,  2  <  i  <  m  -  1  . 

m- 1  i  —  — 

Let  p0,p1  £  0  r  n  u,  FPl  =  q  ,  Fqm_1  =  p  ,  and  Fmp  =  p 
T  z 


Figure  5.1. 

We  have  shown  that  it  is  legitimate  to  assume  that  F^W1,1  (0)  contains 

"  loc 

1  k  s 

a  C  disc  ipg  (1)  at  p()  with  being  a  u-slice  of  size 

(e_»£j-n»K  -n)  and  that  F  contains  a  C1  disc  cp^  (1)  Wu  at 

Pj  with  being  an  s-slice  of  size  (e^ ,c^-n,K^ro-n)  with  some  constants 

0  <  e  <  c  .  By  Lemma  4.6,  if  0  <  n  <  n,  c 


r|  >  0,  0  <  e,  <  e^, 


are 


I 


1 


small  enough,  the  Fm  image  of  any  u-slice  C1  near  lv^oc(tn  contains  a 

u-slice  C^-n  near  «p  ,  and  hence,  a  u-slice  of  size  ^  :  1  ~n +n  1  ’  ^ ’  ;*nd 

the  F  m  image  of  any  s-slicc  near  w'  (0)  contains  an  s-slice 

C 1  -n  near  ip^,  and  hence,  an  s-slicc  of  size  (c ^ ,c  ,-n  +  i ^ , K,  )  •  he  denote 

the  family  of  all  u-slices  of  size  (c  _  ,c  ^ -n+n  ^  .k^)  by  U  and  the  family 

of  all  s-slices  of  size  (e.,c,-r>+n  k;  )  by  S.  We  may  assume  that  U  cz  U 

4  “  1’  “ 

and  S  c  U  in  the  point  set  sense.  We  u.  e  W  or  CC.W  to  denote  the  closure 
of  a  set  W. 

Consider  BL  (k)  =  Ur-(By  fl  F)k<2r  for  a  positive  integer  k.  When  k 

is  large,  BL.  (k)  is  C1  near  By  and  Fm(BL.(k))  is  C1-^,  near  <p(). 

1  £ 

Similarly,  consider  BL„(k)  =  U__(B'X  fl  F  *)  S.  When  k  is  large,  BL^(.k) 

U  ^  1  1 

is  C1  near  B*  and  F-In(  BLQ  ( K) )  is  C  near  cpr  If  r.j  is  small 

and  k  is  large,  Fm(BL  (k))  (tl  BL()(k)  .  The  intersection  is  denoted  by  D() . 
Also  F"m(BL0(k))  ft)  BL^k)  and  the  intersection  is  denoted  by  I>1 .  We  may 
assume  that  D^,  c:  U  and  FD^  cz  \  j  •  It  is  clear  that  1  1'^  =  I-()  ai"J 

F”mD0  =  D1  if  restricted  to  a  neighborhood  of  p(. 

.  .  —  ..m+k 

It  also  follows  from  Lemma  4.6  and  4.d  that  it  k  is  large  enough,  F 
(F_m'k)  ,  k  ^  k~  are  Lipschitz  contractions  in  the  C1*  norm,  on  u-slices 
in  U  into  u-slices  near  ip^  (BLp(k)  into  BL()(k]J,  with  the  Lipschitz 
constant  <_  X  ,  0  <  A  <  1. 

Let  0  =  0  D  F-1U.  Then  0  is  open  and  p  £  IJ  since  £  D.  If 
If  is  large,  the  distance  between  and  U  is  positive.  It  is  also 

clear  that  U  fl  F_1U  c  U  FI  l"  1U  =  U,  U  fl  F_1U  =  U  D  F" 1  ll .  By  induction, 
we  have  (0  n  F-1)^-1U  =  (U  n  F'')Sj.  Clearly,  D()  c  ( IJ  n  I  ' 1 J  kU .  We  claim 
that  Uq  cz  (Of)  F  1)*U,  since  JJ  and  5T  c  U.  Theretore,  T>()  c:  (IJ  D  I  )  11 

and  U  c  F_m(D0)  <z  I:'m(U  n  I  ” 1 ) lU .  The  last  set  is  open  so  there  is 


an 


open  neighborhood  ot'  1)^  such  that  H  U  =  4,  UjC  l),  FIJ  c  Vj 

and  U1<=  F"m(0n  F_1)k'1U.  We  claim  that  UQ  =  U,  U.  =  V.  2  1  il  rn, 

associated  with  k  (U^  depends  on  k)  fulfill  all  the  requi reinent s  of  the 

theorem. 

We  first  show  that  J^(TZ)  c  TU.  For  this,  only  condition  2)  in 
Definition  5.1  has  to  be  checked.  Suppose  £  TZ  with  , 

T  (0)  £  Uq,  then  t^C-m)  £  c  F  m(U  fl  F  *)k  kU.  This  implies  that  t^(0) 
e  (0  n  F_1)k_1U.  Hence,  for  1<  j£  k-1,  t  (j)  £  (On  F'1)k'1'-i0  c  fj  =  n 
Therefore , 

JjCTZH  (. . .  ,0]  [0, . .  .)}  )  e  TLS{  ( .  .  .  ,UQ  ]  [UQ  , .  .  . )}  . 

This,  together  with  Jj  (  .  . .  ,0]  [0, . .  . )  =  ( . . . ,UQ] [UQ , . . . )  ,  implies  J^TZjcrTU 
It  remains  to  show  that  J^TZ)  3  TU  and  J^1  is  single  valued  and 
continuous.  It  suffices  to  prove  the  following  assertions: 

(i)  is  well  defined,  single  valued  and  continuous  on  TlM(...,Ug] 

[U0, 

(ii)  Jj  ( . . . ,Uq] [Uq, . . .)  =  ( . . . ,0] [0, . . .)  and  is  continuous  at 

(...,u0][u0,...). 

For  (ii)  ,  by  Theorem  3.1,  J  1  (  .  . .  ,Uq]  [Uq  , . .  . )  must  lie  on  (0)  ant* 

WaQc(0) ;  hence,  identically  equal  to  aero.  It  follows  from  Lemma  4.4  that  if 
tz  £  TZ  such  that  t  z  [- i . i ]  =  (Un . Ufl] [U0 , . . . ,UQ) ,  then  tz(0)  lies  on 

-  i  s  i  i;i  u 

s-slices  C(a)  near  W  and  u-sliccs  C(A)1  near  W  (0  <  A  <  1)  in  the 

norm.  Therefore,  t  (0)  is  in  a  ball  of  radius  2(1(0*  centered  at  0. 

xz(0)  0  as  i  -*■  *>.  Therefore,  is  continuous  at  (  .  .  .  ,1)^1  [11^  , .  .  . )  . 

For  (i)  ,  it  suffices  to  show  that  =  J^J0  is  well  defined,  single 


is  a  homeo- 


valued  and  continuous  on  TN,  since  by  Theorem  a. 5,  J,  :  TN  »  HI 

morphism.  Also,  see  the  comment  after  Definition  5.3.  It  is  now  clear  that 

we  have  to  show  that  J^J?  is  well  defined,  single  valued  and  continuous 

on  n  [k, +  <*>]. 

N 


Tu0 

* 

Ji 

TZ0 


Let  =  (•  •  •  >k_i»  •  •  •  »k_i]  [ko,‘  •  •  »kj  ’  •  •  e  n,,  [k»  +  J0]  •  Assume  that 
^  +°°  ^°r  a^  n‘  ^hc  other  cases  can  be  proved  similarly.  If  t„  £ 

Ji1^2  Trr*  it:  is  necessary  that  ^(0)  €  Do’  Lct  z(k_i»---»k_1][k0»...,kj) * 

denote  the  subset  of  Dq  such  that  for  each  z  £  Z(k  ^,...,k  [kQ, . . . , k ^ ) , 
there  exists  a  finite  trajectory  ?  with  J.?  =  (K  k  ][kn,...,k.) 

Z  1  Z  **  1  -  1  U  J 

and  t2(0)  =  z.  Evidently, 


Fk-e^(k_., 

We  claim  that  z(k 
c  BLQ(k)  (a  set  of 
any  two  of  them  is 


...,k_2][k_1/..,kj)  =  Z(k_.,...,k_1][k0,...,kj). 

. .  .  ,k  j]  [k^, . . .  ,kj,  p  is  contained  in  a  set  of  s-slices 

u-slices  c  rm(BL^(k)))  in  which  the  distance  between 
-  N 

<  C(A)  .  This  is  clearly  true  for  N  =  1.  l-'or  N  =  2, 


the  assertion  follows  from 


> 

V 


9 
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rk-i+mz(k_,nk_1>k(),k1)  =  -Ck  2 ,k  x ] tkt),k1 1 , 

i-'k°+mz(k_2,k_1nk{),k1)  =  zik^kj.gtkj), 

and  the  contractivencss  of  Fk'l+m  on  u-sliccs  and  F  k^  in  on  s-slices 
considered.  It  follows  by  induction  that  the  assertion  is  valid  for  general 
N.  We  have  shown  that 


(5.1)  C£  Z(k  N, .  .  .  ,k  j]  [kQ, . . .  ,kN  ^  c  a  closed  ball  of  radius  <_  C^A)  . 

It  is  easy  to  see  that  t,(0)  €  .  Cl  I(k  ^,...,k  ^][kg, .  .  .  ,kj) .  SimLliarly , 
tz(-j.)  e  i>n>Q  C£  z(k  i,...,k_n  l][k_n,...,k.). 


(5.2) 


5.  =  y  k  +nm,n  =  0,l,... 
S  -a 
a=l 


The  right  hand  side  of  (5.2)  is  a  singleton  set  since  it  is  the  intersection 
of  descending  closed  sets  with  estimates  (5.1).  Therefore  x  is  unique  if 
it  exists. 

Conversely,  define  xz  formally  by  (5.2)  on  a  sequence  of  infinitely  many 
-Z's  and  choose  the  values  of  xz  between  each  of  the  -2,'s  and  after  x„(0) 
by  the  map  F.  We  can  verify  that  xz  is  a  trajectory  in  TZ  and  J .,(..., 
k_i,...,k  1] [kQ, . . . ,k. ,. . .)  =  JjT,.  We  start  with 

Fra+k-nxz(-A)  =  Fra+k-n  n  Ci  Z(k_.,...,k_n_1][k_n,...,k  ] 

i,j>n 


n  Fm+k-n  C£ 

Z(k_., 

•>k-n-l][k- 

-n’ '  ' 

•■V 

i,j>n 

n  C£  Fm+k-» 

z(k_i , 

•  • 

•’k-n-l]-rk- 

-n  ’  ‘  ‘ 

••V 

i,j>n 

n  Cl  Z(k_i 

>  •  •  •  »  k 

fk-n+l’’  '  • 

■V 

i ,  j  >n 

5>vv 


Since  the  last  is  a  singlto.n  set,  all  the  inclusions  are  equalities. 

This  proves  the  consistency  of  the  definition  of  r„  on  the  - . ' s .  The 
only  thing  unpleasant  is  that  x„(-£)  £  C.  Z(k  .,..., k  n  j  I  [k_n  •  •  •  >’N  j )  > 
not  x  z  (-3.)  £  Z  (k_^  ....  ,k_nl  ]  [k_n>  ...  ,kj  )  .  But, 

CZ  Z(k_i,...,k_n_1][k_n,...,k.)  <z  CZ  Z[k_n,...,k.) 

c=  Z  [k_n , .  .  .  .kj.j) 

due  to  the  continuity  of  the  forward  iterates  of  1;.  Therefore,  the  iterates 
of  F  on  t  (-£)  must  stav  in  the  "body”  for  k  ,...,k.  times  before 
leaving  the  "body"  for  the  "handle".  Since  j  can  be  arbitrarily  large, 
tz  €  TZ  and  J2 ( .  .  .  ,k_ i ,  .  .  . k_  1  ]  [kQ  , .  .  .  ,k  ,  .  .  . )  =J1tz;. 

The  continuity  of  J^J,,  follows  from  (5.1).  This  completes  the  proof 
of  the  theorem. 

Corollary  5.6. 

(Sil’nikov  [14])  TN  is  homeomorphie  to  TZ^  via  the  map  J_  = 

Corollary  5.7. 

Suppose  the  distance  between  Ik  LC  is  positive.  Let 

j  (g)  =  x(6),  g  =  1,2.  Then,  x(1)(i)  -  x(2)(i)  as  i  -  +  »  (— )  if 
1  Z  u  -  z  2  -  - 

and  only  if  x^  (i)  =  x^  (i)  for  i  ^n  (<_n)  ,  where  n  is  some  constant. 
Proof.  Necessity  is  trivial.  Sufficiency  follows  from  estimate  (5.1). 


§6.  Further  Consequences . 

Throughout  this  section,  we  assume  the  hypotheses  of  Corollary  5.7  are 
satisfied.  The  above  results  are  generalizations  of  the  work  of  Sil’nikov 
[14]  on  diffcomorphisms  in  Rn.  Kc  generalized  it  to  C^  maps  in  Banach 


spaces,  and  refined  the  argument  by  showing  that  the  extended  neighborhood 
and  k  can  be  associated  in  such  a  way  that  all  the  trajectories  in  the 
neighborhood  can  be  symbolized  precisely  bv  TU,  depending  on  k.  Note  that, 
in  the  notation  of  Sil'nikov's  original  work,  trajectories  in  N+,  N  ,  N  ", 
and  N,  i.e.,  asymptotic  to  0  in  the  positive  direction,  negative  directionm 
both  directions,  and  not  asymptotic  to  0  at  all,  arc  symbolized  distinctly. 
However,  our  work  shows  that  trajectories  in  any  of  the  four  subsets  arc  dense, 
a  phenomenon  concealed  by  his  original  symbolization.  To  illustrate,  we  show 
that  the  trajectories  that  are  asymptotic  to  0  in  both  directions  are  dense 


in  TZ.  Given  T  e  TZ ,  JT „  =  t ,U  ,...,U  ] [U  ,...,U 

z  1  -  u  ‘_i  -  i  *0  "j 

Let  xl  J  =  (...,U  U  U  ,...,U  J[U  , . . . ,U  ,Un,Un,...),  n  >  1  and 

U  U  U  ;;  1  J.  Ct  U  U  — 

(ni  1  (ni  "  fnl  ^  n 

J  .  By  Corollary  5.7,  x.  is  asymptotic  to  0  in  both  directions 

for  each  n  >  1.  Furthermore ,  x^  -*•  x  since  x  ^  ->  t  . 

—  z  z  u  u 


All  the  significance  of  the  symbolizations  for  dif feomorphisms  discussed 


by  Sil'nikov  and  Smale  hold  true  in  our  case.  For  example,  there  arc  countably 


many  trajectories  that  are  periodic  or  homoclinic  to  0  in  TZ.  TZ  is  topo- 
logiacally  transitive,  i.e.,  there  is  a  trajectory  x,  £  TZ  such  that  anx_, 


n  =  0,±1,...,  is  dense  in  TZ.  We  infer  that  each  trajectory  in  TZ  is 


unstable  from  the  instability  of  TU ,  since  given  any  t  6  TU,  we  can  construct 

such  that  t  ^  (-“>,?.]  =  x  (-«,?.]  and  r^(i)  /  x  (i)  for  infinitelv 
u  u  u  u  u 

r  ? ) 

many  i  >  l.  From  Corollary  5.7,  lira  sup|x,  (i)  -  x_(i)|  >_  e  >  0 ,  where 

X  -HO  u  i*  '  ~ 

(oj  -1  m  _1 

x  “  xu  and  x ,  =  x^,  z  is  a  constant  independent  of  5..  But 

r  a ) 

x^  (0)  ->  x  (0)  as  l  -►  This  proves  the  instability  of  each  trajectory. 

The  following  is  a  counterpart  to  Smalo’s  invariant.  Cantor  like  set 


near  a  homoclinic  point  [16]. 


Corollary  6.1.  There  exist  an  integer  k  >  0  and  a  subset  of  trajectories 


TZ(k)  o_f  F^  in  a  neighborhood  of  O^p  such  that  F^  act  ini;  on  TZ(k) 
is  invariant  and  equivalent  to  the  shift  of  the  dynamic  system  of  two  sNUibols. 

Proof.  By  Theorem  5.2,  it  suffices  to  examine  on  TU.  Let  k  >_  k  +  m 

be  any  fixed  integer.  If,  by  the  symbol  s^,  we  mean  {Un,...,U^}  and  the 

k- fold 

symbol  s,  ,  {  U„ , . . . ,IL  ,U, , . . . ,U  },  a  subset  of  TU  is  defined  and  is  invariant 
j  1  ’  1  0  0  1’  m 


under  a  • 


k-fold 


Comparing  our  results  with  other  papers,  one  finds  that  the  invariant  set 
of  trajectories  under  FTF  are  discussed  instead  of  the  invariant  set  of  points 
under  F.  For  F  being  diffeomorphic,  define  P  as  the  projection  F  :  TZ  -- 

rlrt  4- 

Ft,  =  t  (0).  Then  P  is  a  homeomorphism  from  TZ  onto  TZ(0)  =  P(TZ)  . 
z  z 

rTF  :  TZ  ->  TZ  is  equivalent  to  F  :  TZ(0)  ->  TZ(0),  via  P. 


TZ  (0) 


P 

TZ ( 0 ) . 


Therefore,  the  symbolizations  for  the  point  set  TZ(0),  invariant  under  F  is 
induced  from  that  of  TZ,  or  F  :  TZ(0)  TZ(0)  is  equivalent  to  a  shift  homeo 

morphism  :  TU  -*  TU. 

Another  interesting  case  is  the  appearance  of  a  snap-back  repel ler  named 
after  Marotto  [10].  An  expanding  fixed  point  0  of  a  C*  map  F  :  Z  Z 
is  said  to  be  a  snap-back  repel  ler  if  there  is  a  point  z^  £  W  c(0) 

Zq  +  0,  and  an  integer  n  >  1  such  that  Fn(z^)  =  0  and  Uf'(Zq)  is  an 
isomorphism  onto  Z,  for  1  <  i  •  n.  It  is  easy  to  see  that  there  is  a 
transverse  homoclinic  trajectory  Tf  passing  through  z^  and  hitting  0 


- 1  - 


after  finite  iterates  of  !; .  And  it  can  be  treated  as  a  special  case  of 

Theorem  3.2  with  (0)  =  •  0} .  However,  the  results  arc  nicer  if  we 

loc 


consider  positive  trajectories  :+  and  :+.  Let  be  open  sets 

containing  0  r.  and  0  £  Un .  Let  S  =  ■' U  ;  and  k  0  an  integer. 

X A  U  ' '  HI 

A  subset  TU+  c  n^+  S  is  defined  on  7 *  £  T!J+  if  and  only  if  1)  and  2) 

but  3)  of  Definition  5.1  hold.  TU+  is  a  topological  space  with  the  topology 

induced  from  n^+S.  The  semishift  operator  a+  is  defined  on  TU+  as 

a+T  +  fi]  =  r  +  fi  +  l],  i  £  N,+  .  a  is  continuous,  suricctive  but  not  injective. 

■  u  u 

Let  TZ+  c  FI^+  2  be  the  set  of  all  the  positive  trajectories  whose  orbits 

are  contained  in  U  U. .  TZ  +  is  a  topological  space  with  the  topology 

0<i<m  i 

induced  from  n.,  +  -.  Let  P  be  the  projection  from  TZ  to  TZ  (O)^1 
N 

P(TZ+)  cr  Z,  defined  as  PT*  =  t*(0)  £  Z  for  any  t*  £  TZ+.  It  is  obvious 
that  P  is  a  homeomorphism.  Let  :  TZ+  ->  TU  be  defined  as  'u(i)  = 

(Jjtp  (i)  =  uj  if  t*(i)  £  U.,  0  <  j  <  m,  i  >  0. 

Theorem  6.2.  Suppose  F  :  Z  ■+  Z  is  with  0  as  a  snap-back  repel ler. 


Then  there  exist  open  sets  Uq,...,U  and  an  integer  k  >  0  such  that 

U  U.  contains  the  homoclinic  orbit  and  0  £  Un.  Furthermore,  J,  :  TZ 

0<i£m  1  -  0  - -  1 

TU  is  a  homeomorphism  and  the  following  diagram  commutes. 


TZ+(0) 


TZ  (0) 

tP 


The  proof  of  Theorem  6.2  is  similar  to  that  of  Theorem  5.2.  One  only 


has  to  observe  that  the  s-slices  arc  points  in 


and  tlie  u-slices  coincide 


with  wV  (0).  We  don't  ask  that  DF  be  uniformly  continuous  in  the  nieghborhood 
loc 


of  0  since  the  Inclination  Lemmas  are  trivially  true  in  this  case.  he 
obtain  that,  when  a  snap-back  repeller  appears,  the  above  symbolic,  dynamic..- 
can  be  used  to  discuss  trajectories,  positive  trajectories  and  invariant 
point  sets  in  a  neighborhood  of  the  homoclinic  orbit. 

§7,  Chaotic  behavior. 

he  have  shown  that  trajectories  in  TI  have  very  complicated  behavior 
the  motion  of  F1t_^(0)  is  quite  unpredictable  except  that  it  must  stay  in 
Uq  for  at  least  k  iterates  of  F  before  leaving  U  for  the  "handle". 

We  shall  show  that  this  kind  of  motion  implies  chaos  described  by  Li  and 
Yorke  [9],  [10],  [17];  that  is,  if  TI  is  homcomorphic  to  TU  via  J^, 
then  there  exists  chaos  in  the  following  sense: 

1)  There  exists  k  >  0  such  that  for  each  integer  p  >  k,  F  has  a 
trajectory  of  period  p. 

2)  There  exists  a  subset  of  uncountable  many  trajectories  CHAOS ^TI 
such  that , 

a)  for  every  £  CiLAOS  with  t-  t^~^  , 

—  2 

(7.1)  lim  sup  |  %  ^  ( i)  -  t^(i)|  >  0; 

b)  for  €  CHAOS  and  being  periodic  in  TI ,  (7.1)  is  valid 

fl)  12) 

c)  t,  ,  t,  €  CHAOS  implies  that 

lim  i n f ! 7  ^ ( i }  -  (i)  |  =  0. 

i-V-.o 

3)  nF  (CHAOS)  =  CHAOS. 

The  ideas  of  the  proof  presented  here  arc  essentially  from  ['.'],  [  10  |  . 
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Proof.  1)  Let  k  =  k  +  m.  Let  Tu  =  (....repeat,  UQ ....  ,UQ ,  IJj, ...  ,U  ,  repeat ...  . 

p-fold 

then  T  7  =  TZ  is  a  trajectory  of  F  with  the  period  =  p. 

2)  Let  sq  =  U0>.  •  •  »iy  »  s1  =  {  :jQ, .  .  .  ,U0,U1  .  ,Um},  k  =  k  *  in. 

k-fold  k-fold 

For  each  w  6  (0,1),  choose  an  element  6  TU,  composed  by  and  s^ 

such  that 

;S  i...iSa  ;...)  : 

■ 1  - 1  12  j 

+  w  2 

a  .  =1  only  if  i  =  ± n“  ,  n=l  ,2  , .  .  .  ;  and  1  im  —  —  ll-’-n  =  w  ;, 

±  w  2  i 

where  R  (iu,n  )  is  the  number  of  c^'s  which  equals  1  for  ( l±iln“)  (-n“li 

£-1)  respectively. 

Let  CHS  =  {a1^  :  (0,1),  i  6  N)  .  Evidently,  a  (CHS)  =  CHS.  Therefore, 

if  CHAOS  =  J^(CHS),  rTF(CHAOS)  =  CHAOS.  The  assertion  3)  is  proved.  In 

proving  2),  we  only  consider  the  case  i  ->  +  *>.  We  first  show  that  a)  is  true 

for  =  J^(x^)  anc*  T,'"^  =  ,  j  /  0.  Since  w  /  0,  there  exist 

infinitely  many  integers  n  such  that  TU(kn“-i)  =  u  .  a-V'(kn2-l)  =  rW(kn“+i-l) 

u  rn  u 

~>  n 

If  n  is  sufficiently  large,  kn~+j-l  is  not  of  the  form  k£  -1  for  any  integer 

I?  vv  2 

H  >  thus  oJtu(kn“)  j-  U  .  This  shows  (7.1)  is  valid  in  this  case.  Obviously 

a)  is  also  true  for  t  ^  -  j'1(oi  '')  ,  t^2-*  =  j”1^  w) ,  i  f  j.  We  next  show 

z  1  u  z  1  u  J 


that  a)  is  true  for 


J  ^  (a  *■  'v  1 )  and  t  ^ 
1  u  z 


‘2)  =  J>j  u:>’  “i  "«:■ 


R  (t,kn“)  be  the  number  of  r  (■’ )  which  equals  U  for  1  <  <  kn".  We 

u  u  m  —  — 


observe  that 


(7.2) 


+  w  Zv 

R  (o  Txi.kn'O  _ 


i  l  i  > 

For  any  given  K  >  0,  there  exists  an  >  K  such  that  ;  r  (,  )  /  J  -i 

u  u 

Otherwise,  from  (7.2),  one  would  have  w  =  wy, ,  contradicting  the  fact  that 

w^  f  w .  The  proof  of  a)  is  completed.  b)  can  be  proved  similarly.  To 

prove  c)  ,  notice  that  for  any  CHS,  the  length  of  the  successive  i's 

such  that  t  (i)  =  U„  approaches  +=»  as  i  -*•  +^.  Therefore,  for  *  11  , 
u  0  u 

( ?)  (  1 1  (  1 1 
x  £  CHS,  the  length  of  successive  i's  such  that  -  =  ■„  (  i  )  -  IJ 

u  '  u  u  '  o 

approaches  +  »  as  i  -v  +  oo.  c)  is  true  by  (5.1).  This  completes  the  proof 
of  the  existence  of  chaos. 


The  work  of  Li  and  Yorkc  indicated  that  Period  5  implies  chaos  in  R. 

7 

Marotto  pointed  out  this  is  not  the  case  in  R“.  He  proved  that  Snap-back 
Repeller  implies  chaos  in  Rn.  Our  work  shows  that  the  transverse  iiomoclinic 


trajectory  implies  chaos  in  Banach  spaces. 


§8,  Flows. 

Noninvertible  maps  also  arise  form  the  Poincare  mapping  of  non  invert ib  le 
flows.  The  Poincare  map  can  either  be  the  return  map  around  a  periodic  tra¬ 
jectory  for  an  autonomous  flow  or  the  period  map  of  a  periodic  flow.  Both 
cases  are  discussed  in  this  section. 

Let  X  be  a  Banach  space  and  T(t,s),  t  >_  s  in  R  be  a  semigroup  of 
nonlinear  maps  in  X.  We  assume  that 


1)  T(t,s)  is  strongly  continuous  in  t,s; 

2)  T(s,s)  =  I; 

3)  T(t  ,u)T(u,  s)  =  T(t  ,s)  ,  t  >  u  >_  s; 

4)  There  arc  constants  .»  >  0,  k  >  1  such  that  T(t,s)x  is  jointly 

in  t  and  x  for  t  >  s+(. 


Tramples  of  abstract  evolution  equations  with  <  =  0  may  be  found  in  [4 
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f. 


m 


r-y. 


I 


For  delay  equations  under  some  general  conditions,  a  =  ky ,  where  v  •  0  is 
the  delay  [3] . 

We  say  that  T(t,s)  is  periodic  of  period  ^  >  0  if  T(t,s)  =  i'Ct4-.-, 
s+w) .  If  we  do  not  assume  that  u  is  the  least  period,  then  we  may  assume 
u  >  a.  The  period  map  F  =  T(oj,0)  is  then  on  X.  If  i(t)  is  a  periodic 

trajectory  of  T(t,s)  with  the  period  that  is,  T(t,s)y(s)  =  r(t),  t  ^  s 
in  R,  5(t+w)  =  £(t),  then  y(0)  is  a  fixed  point  of  F.  Conversely,  any 
fixed  point  of  F  can  be  used  to  define  a  periodic  trajectory.  One  can  define 
homoclinic  trajectories  of  T(t,s)  asymptotic  to  £(t)  in  the  obvious  way 
and  relate  them  to  homoclinic  trajectories  of  F  asymptotic  to  r-(0). 

We  next  assume  that  the  semigroup  is  autonomous;  i.e.,  T(t,s)  =  T(t-s), 

t  >_  s  in  R.  Let  £(t)  be  a  periodic  trajectory  of  least  period  ai  >  0 

of  T(t),  t  >_  0;  that  is,  T(tK(s)  =  fft+s)  for  all  t  >_  0,  s  £  R,  ^(t  +  w)  = 

C(t)  for  all  t  and  g(t)  /  y(0),  0  <  t  <  w.  Replacing  u  by  iu> ,  we  may 
assume  a>  >  a.  Let  c=  X  be  a  codimension  one  hyperplane  transversal  to 
the  periodic  trajectory  at  x  =  '  (0).  There  exists  a  neighborhood  U  of 
£(0)  in  X^  such  that  for  every  x  £  U,  there  is  a  unique  t  =  t(x)  near 
w  such  that  T(t(x))x  €  X  .  The  map  F  :  U  X ^  is  defined  as  F(x)  = 

T(t(x))x  and  is  It  is  clear  that  (0)  is  a  fixed  point  of  F. 

Suppose  x  =  p C t )  is  a  homoclinic  trajectory  of  T(t)  asymptotic  to  x  = 

£(t).  There  is  a  constant  r  >  —  such  that  for  |t|  >  t,  x  =  p(t)  is 
near  the  orbit  of  x  =  \(tj  and  intersects  U  o  ^  successively  as  t  -+  . 

Let  q1  =  p  ( t  L )  and  q,  =  pUJ,  q;,qn  -  ,  with  t ^  <  -t  and  t0  >  t. 

F  nq^  and  Fnq.,,  n  0 ,  arc  defined  as  the  intersections  of  p(tl  with  X^ 

and  agree  with  the  definition  of  I-'  given  before.  Obviously,  FnqA  **  i(0j 
and  F  nc]^  -*•  \(0)  as  n  "  Assume  that  there  are  open  sets  and  U,c  II 


w  ,  « 


•  V  \»  *,• 


We  rede- 


such 

that  U1  fl  U0 

=  0,  qL  e  u  and 

w;V u 

f  II.  F' 
n=  1 

I1q1J  c  II,.  1 

fine 

F  in  as 

Fq^  =  q7  and  F 

x  =  y  for 

x  €  U 

and  y  £  11 

that 

u  =  T (t  (x) )  x 

with  a  unique  t 

-  t(x)  near 

t2-t 

,  >  t.  This 

be  done  if  U  is 

sufficiently  small 

so  that  the 

flow 

issuing  from 

transversely  in  a  uniquely  determined  time  t  =  t(x)  near  t  - 1 
F  :  Uj  u  -►  Xj  is  with  a  fixed  point  '(0)  and  a  homoclinic 

(F’nq1»Fnq9,  n  >  0} . 


such 
could 
IJj  meets 
j .  Thus , 
t  raj ect ory 


Figure  3.1 

Definition  8.1.  Suppose  T(t,s)  satisfies  hypertheses  1)  -  4)  and  is  cither 
periodic  or  autonomous.  Suppose  that  x  =  (t)  is  a  periodic  trajectory  with 

the  Poincare  map  F  defined  previously.  It  is  said  to  ba  a  hyperbolic  periodic 
trajectory  if  a(DF(t,(0)))  n  {  |  A  |  =  1}  =  0. 

Note  that  the  map  F  can  be  different  if  we  take  other  hypcrplanes  trans¬ 
versal  to  the  periodic  trajectory,  e.g.,  in  the  periodic  flow  case,  the  section 
can  be  {t*}xXcRxX  and  the  map  is  T(t*+Jo ,t*)  .  Thus,  we  shall  justify  that 
Definition  8.1  is  independent  of  the  Poincare  section  chosen.  Also,  if  .c  <  a, 
there  is  no  unique  way  to  choose  iu>  >  t  with  integers  n  >  0.  We  shall  prove 
Definition  8.1  is  independent  of  n. 
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The  stable  set  WS (■(•))  and  unstable  set  WU (,-(.))  of  x  =  '(t)  is 
defined  in  the  usual  way.  The  existence  of  the  local  stable  manifold 
WiocUCO)  WSU(.))  and  local  unstable  manifold  W^oc(  ■".(•))  ci  l\-t  (■(•)) 
in  a  neighborhood  of  the  orbit  of  a  hyperbolic  periodic  trajectory  x  =  "(t) 
shall  be  proved  in  Theorem  8.3. 

Definition  8.2.  A  homoclinic  trajectory  x  =  p(t)  of  T(t,s)  in  a  Banach 
space  X,  asymptotic  to  a  periodic  trajectory  x  =  £(t)  of  T(t,s)  is 
said  to  be  a  transverse  homoclinic  trajectory  if 

1)  the  periodic  trajectory  x  =  '(t)  is  hyperbolic; 

2)  for  any  sufficiently  large  pair  s,  t  >  0  such  that  p(-s)  £  W*"*  (;;(•)) 

and  p(t)  £  W^oC(?(*))>  T(t,-s)  sends  a  disc  containing  p(-s)  in  ("(•)) 

diffeomorphically  onto  its  image  which  is  transversal  to  at  p(t) . 

Note  that  in  the  forgoing  definitions  W  C " 3 )  =  {?(•))  as  well  as 

x  =  pC t)  hits  the  orbit  0  ,  at  some  finite  t  is  allowed.  It  is  also 

1. 1  •  J 

clear  that  W^qc(£(0))  and  W^qc ( ^ (0) )  of  the  fixed  point  f,(0)  of  F  are 
precisely  the  intersections  of  W^qc('  ( • ) )  and  with  the  Poincare 

section.  Another  observation  is  that  x  =  p(t)  is  a  transverse  homoclinic 
trajectory  if  and  only  if  it  induces  a  transverse  homoclinic  trajectory  on 
the  Poincare  section  for  the  fixed  point  £(0)  of  the  map  F.  There  is  a 
geometric  explanation  for  Definition  8.2,  that  is,  there  are  two  narrow  strips 
locally  dif feomorphic  to  Wjoc(C(*))  and  (£(•))  respectively  (Immersed 

image  of  W^qc (^ (0) )  xR  and  IV®  (;;(0))  x  R,  not  necessarily  injective), 
attached  to  x  =  p(t)  and  intersect  transversely  along  x  =  p(t) .  See 
Figure  8.2  for  the  illustration  of  the  unstable  strip. 


X  =  pit) 


Figure  8.2. 


Theorem  8.3.  Let  x  =  £ ( t )  be  a  periodic  trajectory  with  the  period  w  >  0 , 

for  T(t,s)  satisfying  conditions  1)  -  4) .  Then  in  both  the  following  cases, 

T(t,s)  =  T(t-s)  or  T(t,s)  =  T(t+>j,  s+w)  ,  the  definition  of  the  hypcrbolicity 

of  x  =  £(t)  is  independent  of  the  integer  n,  nw  >  a,  or  the  Poincare  section 

chosen.  Moreover  if  T(t,s)x  i_s  jointly  in  t,  s  and  x  for  t  >  s+a, 

s  u 

the  local  stable  and  unstable  manifolds  W,  ( ^ C * ) )  and  W,  (£(•))  exist 
-  loc  -  loc  - 

V 

and  are  C  submanifolds  in  X  for  the  autonomous  case  and  in  Rx  X  for 
the  periodic  case. 

Proof.  Only  the  proof  for  the  periodic  flow  shall  be  given.  Let  F^  =  T(n^,0), 
F2  =  T(n2w,0)  where  n^  and  n9  are  integers  with  njU>  >  a,  n^  >  a. 

F  c  =  F^1  =  F  .  5(0)  is  a  hyperbolic  fixed  point  of  F_  if  and  only  if  it 
is  a  hyperbolic  fixed  point  of  F^  and  F7.  This  shows  that  the  definition 
of  the  hyperbolicity  is  independent  of  the  way  the  period  is  multiplied. 


I 


4 


W,„(0) 


w,0C(0) 


Figure  8.3. 


Assume  that  T(.%,0)  has  f(0)  =  \(io)  as  a  hyperbolic  fixed  point. 

k  s 

The  existence  of  the  local  C  stable  and  unstable  manifolds  W.  (0)  and 

loc 

W^j1  (0)  of  T(u),0)  on  the  section  (.0)  x  X  c  Rx  \  follow  from  Theorem  3.1. 

Periodicity  implies  that  W1,1  (w)  =  IV ^  (0)  and  W,  (w)  =  W ^  (0)  .  Take 
}  v  loc  '  loc  loc  locv  ’ 

a  section  {t*}  x  x  and,  without  loss  of  generality,  assume  that  a  <  t* 
and  a  <  oo-t*.  Let  the  stable  and  unstable  sets  for  x  =  ll(t),  Wh(f,(*))  and 
Wu(r(.)) ,  intersect  {t*}  x  X  in  WS(t*)  and  Wu(t*) .  Obviously,  Wu(t*)  = 

T (t* ,0) WU(0)  and  WS(t*)  =  [T(u,t*)]'lWs(.J  .  It  is  easy  to  show  that  T(t*,0) 
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is  a  Ck  embedding  from  w^oc(°)  into  Wu(t*)  with  [T(.0 ,0)  ]  ’  ,t*) 

as  the  inverse.  Therefore  (t*)d=fT(t*  ,0)wf  (0)  is  a  Ck  submani- 

loc  loc 

fold  in  {t*}xX  and  w“oc(u)  =  T(u,t*)wJoc(t*)  .  Also  TW^ho)  =  DT(j,t*) 

TW“  (t*).  Now  let  YcX  be  such  that  DT(u,t*)  •  Y  e  TW*  (w)  .  Y  is  a 
IOC  J.  oc 

linear  closed  subset  since  Twf  (u)  is.  It  is  easy  to  see  that  Y  ©  TwV  ft*) 

loc  loc 

=  X.  We  write  x£  X  as  x  =  (x.,v.)  where  x.  £  Twf  ft*)  and  v  £  Y, 

11  1  loc^  -  i  ' 

and  use  the  Implicit  Function  Theorem  to  solve  T(w,t*)wf  ft*)  c:  W?  fu) . 

loc  loc  ' 

We  obtain  that 

W^Ct*)  =  U(t*)  +  CxL ,yx)  :  x}  =  gCy^  ,  g€  Ck(Bp  ,  g(0)  =  0,  Dg(0)  =  0} 

s  k 

for  some  e  >  0.  Thus,  W^QC(t*)  is  a  C  submanifold  in  {t*}  x  X  and 

TWS  (t*)  =  Y.  The  proof  of  the  invariance  of  wf  (t*)  and  (t*) 

loc  v  loc^  1  loc^  ! 

under  T(t*+m,t*)  is  easy  and  is  omitted.  Estimates  for  the  spectra  of 

DT(t*+u,t*)  on  TW*  (t*)  and  [DT(t*+w,t*) ]_1  on  TW“  (t*)  can  be 

obtained  by  considering  [T(t*+u ,t*) ]n  =  T (t * ,0) • [T (u ,0) ]n_1 -T(w , t*)  and 

[T(t*W*)|w“oc(t*)rn  =  [T(m ,t*)  j  WjQC(t*)  ]-1[T(lo,0)  |  W^oc (0)  ]  _n+1  . 

Kt* ,0)  |  u  .  .  ]  1  and  using  |o(L)|  <_  lim  (||Ln||)n  for  a  linear  bounded 
wlocl-UJ  n->® 

operator  L.  Consequently,  f(t*)  is  a  hyperbolic  fixed  point  under  T(t*+w,t*) 
11  s 

and  W^oc(t*) ,  W-  (t*)  are  precisely  the  local  unstable  and  stable  manifolds 
under  T(t*+U,t*),  due  to  the  uniqueness.  Thus,  the  definition  of  the  hyper- 
bolicity  for  the  periodic  trajectory  of  flows  is  independent  of  the  cross 
sections  chosen. 

The  local  unstable  set  of  x  =  '(t)  is  a  neighborhood  of  t  =  t*  is 
determined  by 

Wjoc(E(-))  =  { (t  ,T(t  ,0) x)  :  t  £  (t*-e,t*+e)  ,  x  £  W^fO)  }  c  IhX, 


for  some  e  >  0.  It  is  clearly  a  C  submanifold  modeled  on  R  ■  TW ,  (0). 

loc^ 

The  local  stable  set  of  x  =  r(t)  in  a  neighborhood  of  t  =  t*  is  determined 

by 

wJocttCO)  =  Ut.y)  :  T(“.t)ycKjocM,  t  £  (t*-e,t*+ej  }  c  R  x  X, 

for  some  e  >  0.  Using  the  local  coordinates  RxTlV^  (t*)  <Y,  and  the  Implicit 

s  k 

Function  Theorem,  one  shows  that  W,  (?(•))  is  a  C  submanifold  modeled 

locv  v 

on  RxY  =  R  *  TW^  (t*).  The  proof  of  Theorem  8.3  is  completed. 
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